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Consider the numerical differential equation zzzO ak (D, + D,)'f (x) g(y) = 
h(x, y). x > 0, y > 0 with the initial conditions f (0) =f’(O) = = f In- “(0) = g(0) = 
g’(0) = ‘.’ =g(“-“(0) =O, where n is a fixed positive integer, and D, = a/ax, 
D,=a/ay. Here h is a known function, while the coefficients aO. a,,..., a,, (a,#O) 
and the functions f, g are unknown. Theorems about existence and uniqueness of 
solutions of this problem are presented, as well as explicit formulas for a,,, a,,..., a,, 
f, g in terms of h. %: 1986 Academic Press, Inc. 
1. INTRODUCTION AND THE THEOREMS 
Let f and g be two real functions determined on the positive halfline, 
nonequivalent o zero, n times differentiable, such that both of them with 
their derivatives up to order n are all Laplace originals, while 12 is a fixed 
positive integer. 
Consider the numerical differential equation 
with the initial conditions 
f(O)=f'(O)= ... =f'"-')(O)=g(O)=g'(O)= ..' =g'"-"(O)Co, (2) 
where the coefficients ao, a, ,..., a, (a, ~0) and the functions f, g are 
unknown, while h is known. 
Denote P(s), SE R, the generating function of the coefficients 
a,, a, ,a.., a,, 
P(s)=u,+ i UkSk, SER (3) 
k=l 
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and F, G, H the Laplace transforms off, g, h 
F(u)=[~~ ep”“f(x)dx, u>u,; G(v)=jom ep”-‘g(y)dy, u>u,, (4) 
H(K 0) = jom jox e -UX-L),“h(X, y) dx dy, u > 240, v > vg. (5) 
The following three theorems will be proved about existence, uniqueness 
of solution of equation (1) with initial conditions (2), as well as explicit for- 
mulas for the solution. The solution will be determined in terms of the 
functions (3), (4), (5). 
THEOREM 1. Equation (1) with initial conditions (2) has a solution if and 
only tf the functions P, F, G, H given by (3), (4), (5), are related by the for- 
mula 
P(u + u) F(u) G(v) = H(u, u), u > ug, v > v,. (6) 
THEOREM 2. Let a,*, a: ,..., a,*, f *, g* satisfy all the same conditions as 
a,, al ,..., a,,, f, g. Then 
f*(x)=Af(x), x20; g*(Y)=Bg(Y)? Y2Q 
ak* = (AB))lak, k = 0, l,..., n 
(7) 
for some nonzero constants A, B. 
THEOREM 3. Let h(x, y), x > 0, y 3 0, be a function presentable in 
form (1). Let ul, v, be fixed real numbers atisfying 
where uo, v. were given in (4). Then 
(a) There exists a unique real number co, such that the function 
Q(s)=exp{cor+j~~“‘[$log~]“=“~du), s>u,+v,, (9) 
is a polynomial in s. 
(b) The functions P, F, G are determined in terms of H by the follow- 
ing formulas 
F(u)=A H(u, u,)exp {-co-j: [~lo~~]~~~, du}, u>uo; 
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G(i;)=BH(u,,u)enpj-coaj~+u~u’[~log~]~~~,,du}, U>U”, 
(11) 
P(s) = [AB H(u,, u,)] -’ 
xenpjc,r+l:~“‘[~log~]“=“,~~~, SER; (12) 
where A, B are arbitrary nonzero constants, while u,, v, , cO were determined 
in (a). 
2. PROOF OF THEOREM 1 
Multiply both sides of the equation (1) by e-“- ‘?, integrate with respect 
to x and y, both in [0, CCI), take (2) into account, use (3), (4), (5). This 
way we obtain 
-““-““h(x,y)dxdy 
-” “-v(Dx i- L?Jkf(x) g( y) dx dy 
f”‘(x) gck -j)( y) dx dy 
k =$, akTo 0 k dF(u) uk-jG(u)= i ak(U + U)k F(U) G(U) k=O 
= P(u + u) F(u) G(u), u > uo, u > uo. 
3. PROOF OF THEOREM 2 
Let ao*, a: ,..., a,*, S*, g* satisfy all the same conditions as a,, a, ,..., a,, f, 
g. Denote P*, F*, G* similarly to (3) and (4). Then according to 
Theorem 1, P*, F*, G*, H satisfy the formula 
P*(u + u) E*(u) G*(u) = H(u, u), u > 240, u > u(), (6*) 
which is analogous to (6). 
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As the right-hand sides of (6) and (6*) are identical, then the left-hand 
sides of them are also identical, and we obtain the formula 
P*(u + u) P(u) G*(u) = P(u + v) F(u) G(u), u > 240, v> 00, (13) 
which is a functional equation with unknown functions P*, F*, G*, while 
P, F, G are known. It is enough to prove that 
F*(u) = A F(u), u>u,, G*(o) = B G(u), u > 0,; 
P*(s) = (LIB)-‘P(s), 
(14) 
SER. 
Let ul, u1 be real constants, satisfying (8). 
Substitute alternatively in (13) v = vl, then u = ul, then both u = uI, 
v = v,. This way we obtain 
P*(u + u) F*(u) G*(o) = P(u + v) F(u) G(v), 
P(u + ul) F(u) G(u,) = P*(u + vl) F*(u) G*(u,), u>uo, 
P(u, + v) F(u,) G(u) = P*(u, + v) F*(u,) G*(u), u> 00, 
P*(u, +~~)F*(u,)G*(u,)=P(u,+u,)F(u,)G(v,). (15) 
Multiply sidewise equations (15). After simplification we obtain 
P*(u + 0) P*(u, + 0,) P(u + 01) P(u, + u) 
=P(u+u)P(u,+u,)P*(u+u,)P*(u,+o), 
u > uo, u > vo, (16) 
which is a functional equation for the only unknown function P*. 
Substitute in (16) 
u=u,+a, v=v,+p, ci>u,-uo, p>ol-vo; (17) 
P(Y) = 
p*tu, + 01+ Y) P(u1+ u*) 
P(u,+v,+y) 'P*(u,+o,)p 
ycR. (18) 
Then we obtain the functional equation for p: R + R, an analytical 
function, 
P(a + B) = P(U) P(P), o! > #I - 240, fi > VI- vo. (19) 
The only analytic solution of (19) is 
P(Y) = ecy, YE& (20) 
where c is an arbitrary constant. 
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Substituting (20) into (18) we obtain 
P*(s) = C e(“P(s), SER, (21) 
where C is a nonzero arbitrary constant, while c is an arbitrary real con- 
stant. 
As both P and P* are polynomials, there is 
c=o (22) 
and we obtain from (21) 
P*(s) = c P(s), s E R. (23) 
Substituting (23) into the second and third formulas (15) we obtain 
F*(u) = A F(u), Zl>Zd,; G*(u) = B G(u), u > u,; (24) 
where A and B are nonzero arbitrary constants. 
Substituting (23) and (24) into the last formula (15) we obtain 
c= (m--l. 
Formulas (23), (24) with (25) end the proof. 
(25) 
4. PROOF OF THEOREM 3 
(a) As h is presentable in form (l), then H is according to Theorem 1 
presentable in terms of P, F, G, in form (6). Substituting (6) into the right- 
hand side of (9) we obtain 
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i 1 
s 
P’(w) dw, _ P’(Ul + 01) =exp c,s+ - 
u,+q P(w) P(u, tu,) -ul)) 
=exp c,s+logP(s)-logP(u, +u,)- 
i 
P’(u, -I- Ul) 
fYu, +u,) s 
= ce(('o-"""p(s), s > uo t 00, (26) 
where 
Cl = Clog m)l:=u,+c,. (27) 
As P(s), s E R is a polynomial, then Q is a polynomial if and only if 
co=cj. 
(b) We have to solve the functional equation (6) for the three 
unknown functions P, F, G, while H is known. Substituting alternatively 
u=u,, then u=u,, then both u=u,, u=u, into (6), we obtain 
P(u t u) F(u) G(u) = H(u, u), 
ff(u, 01) = f’(u t 0,) F(u) G(u,), u>uo, 
Wu,, 0) = P(u, t 0) F(u,) G(u), 
(28) - 
u> uo, 
Multiplying sidewise equations (28) we obtain after simplification 
P(u+u) H(u, 01) H(u,, u) P(u, +u1)=H(u, u) P(u+u,) P(u, tu) wu,, Ul), 
u>uo, v>uo, (29) 
which is a functional equation for the only unknown function P. 
Take on both sides of (29) the natural logarithm, differentiate with 
respect o u, substitute u = ul. This way we obtain 
[log P(u t u)l:=“, = 
[ 
ilog- H(u,u) tc 1 Wu,,u) u=v, ’ 
where c is a real constant. 
Integrate both sides of (30) with respect to u from u = u1 to u 
We obtain this way 
(30) 
s-v,. 
(31) 
where C is a nonzero constant, while c is a real constant. 
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According to part (a) of Theorem (3) there exists a unique value of 
c = c0 which would make the right-hand side of (31) a polynomial. 
Substituting (31) into the second and third formulas (28) we obtain 
F(u)=A[P(u+o,)]~‘H(u,u,), U>U,; 
G(u) = B[P(u, + u)] ‘H(u,. u), 
(32) 
v>v,, 
where A and B are arbitrary nonzero constants. 
Substituting (31) and (32) into the last of the formulas (28) we obtain 
C= [ABH(u,, v,)] I. (33) 
Substituting c = c0 and (33) into (31) we obtain (12). Substituting (12) 
into (32) we obtain (10) and (11). 
This ends the proof of Theorem 3. 
5. EXAMPLE 
Let 
h(x, Y) = xy + x + y, x 2 0, y > 0. 
Using formula (5) we obtain 
H(x,y)=(l+u+v)u~Zu~2, u > 0, t‘ > 0. 
Take u, =ur= 1. Using (lo), (ll), (12), we obtain 
F(u)=Au 2, u>o; G(u)=Btl 2, u>O; 
P(s)=(AB))‘(l +s), s E R, 
where A and B are arbitrary nonzero constants. 
Using (3) and (4) we see that 
n= 1; f(x)=Ax, x>O; g(y)=&, y>O; a,=~, = (AB)-‘. 
